Abstract. Nonlinear, collective, soliton type excitations in zigzag molecular chains are analyzed. It is shown that the nonlinear dynamics of a chain dramatically changes in passing from the one-dimensional linear chain to the more realistic planar zigzag model Ð due, in particular, to the geometry-dependent anharmonism that comes into the picture. The existence or otherwise of solitons is determined in this case by the interplay between the geometrical anharmonism and the physical anharmonism of the interstitial interaction, of opposite signs. The nonlinear dynamic analysis of the three most typical zigzag models (two-dimensional alpha-spiral, polyethylene transzigzag backbone, and the zigzag chain of hydrogen bonds) shows that the zigzag structure essentially limits the soliton dynamics to finite, relatively narrow, supersonic soliton velocity intervals and may also result in that several acoustic soliton types (such as extension and compression varieties) develop simultaneously in the chain. Accordingly, the inclusion of chain geometry is necessary if physical phenomena are to be described in terms of solitary waves.
Introduction
Advances in contemporary nonlinear physics have led to the discovery of new elementary mechanisms that determine on the molecular level the progression of many physical processes in crystals and other ordered molecular structures. Today the role of acoustic solitons is quite clear to ensure the most efficient mechanism of energy transfer in such processes, for example, as heat conduction and breakdown of solids [1 ± 4] , or propagation of signals in biological macromolecules [5] . Topological solitons serve as models of structural defects in polymer crystals, and their mobility ensures the possibility of such processes as plastic deformation [6 ± 8] , relaxation [9] , premelting [10] . The role of topological solitons in the description of structural transitions and chemical reactions was discussed in Refs [11 ± 14] .
Early theoretical investigations of the nonlinear dynamics of macromolecular chains [15 ± 18] considered one-dimensional (spatially linear) models with the positive-sign anharmonism, which only took into account the longitudinal displacements of atoms (molecules) in the chain. In this case, the repulsion between the approaching adjacent sites in the chain grows faster than in the harmonic approximation. One of the consequences of this fact is the existence of dynamically 1. Introduction 245 2. Solitons in the molecular chain with secondary structure 246 stable solitary compression waves, which are supersonic acoustic solitons. For the first time the effects of transverse vibrations of molecules in the chain on the dynamics of solitons were analyzed in Ref. [19] . The solitons were found to be highly sensitive to transverse perturbations. This issue is studied in greater detail in Refs [20 ± 24] .
Without taking the transverse movement of units of the chain into account it would be impossible to understand the mechanism of functioning of certain biomolecular chains. In a DNA molecule, for example, the opening of pairs of bases in the transverse direction ensures the possibility of denaturation. The Peyrard ± Bishop model of melting of DNA [25 ± 27] only takes into account the transverse motion of conjugate pairs of bases. Even though an isolated DNA molecule is considered (which has both longitudinal and transverse degrees of freedom), this model in fact describes the onedimensional dynamics of a molecular chain on an effective substrate. A comprehensive review of the models of nonlinear DNA dynamics can be found in the monograph [28] .
The real geometry of biomolecular systems calls for the development of two-and three-dimensional models. This is the only way of taking into consideration the anharmonism of the system vibrations caused by its geometry. For example, for the simplest cluster model of enzyme protein a-chymotrypsin it was shown that geometrical anharmonism in a twodimensional system ensures transfer of energy between the degrees of freedom even in the case of small amplitudes [29, 30] .
Application of the latter-day computational capabilities to the analysis of nonlinear dynamics of molecular systems permits going over from simple one-dimensional models to the more sophisticated two-and three-dimensional models that better represent the actual geometric structure of the system. The most coherent and convenient objects in this respect are zigzag molecular chains.
In this paper we consider the planar (two-dimensional) dynamics of a free molecular chain. Obviously, the chain in the absence of a substrate will only have a ground state with a regular stable structure provided that the interaction between remote neighbours is taken into account in addition to the short-range interaction. The inclusion of long-range interaction results in that the chain displays a secondary structure, such as is often encountered in many macromolecules (DNA, proteins, and the like). Geometrically, the secondary structure takes on the shape of a spiral, the flat zigzag being a particular such case.
If we only consider the longitudinal and transverse displacements, the model of the spiral will become much simpler and will reduce essentially to a two-dimensional spiral (flat zigzag chain). Here, the primary structure results from the interaction between first neighbours, and the secondary from that between second neighbours. Such a system [31] may be regarded as the simplest theoretical model of an isolated biomolecular chain. For the alpha-spiral of protein, for example, the interaction between the closest neighbours involves deformations of the relatively rigid valence bonds, and interaction with second neighbours involves deformations of the soft hydrogen bonds.
The flat zigzag structure is much closer to reality than the one-dimensional anharmonic lattice. Observe that the passage from two-to three-dimensional models in the description of certain important types of dynamic behaviour does not bring about any significant modifications [31, 32] . At the same time, as pointed out in Refs [19 ± 22] , the distinction between one-and two-dimensional models is fundamental.
Even in a one-dimensional model the inclusion of the interaction with second neighbours [33, 34] dramatically changes the dynamics of the system. In a two dimensional model this gives rise to a secondary structure, which brings a new factor into the dynamics of the system: geometrical anharmonism. Even if all the molecules are bound with harmonic forces, the geometry of the system gives rise to an effective negative anharmonism. This effect was first studied in Ref. [35] in connection with the breather-like solutions of the dynamic equations of one-dimensional chain in threedimensional space.
Many polymer macromolecules have a flat zigzag shape. For example, the polyethylene (PE) macromolecule in three dimensions has a stable two-dimensional transzigzag conformation. Here, the interaction with the first neighbours takes place through deformation of valence bonds, and that with the second and third neighbours occurs through the deformation of valence and torsion angles. As shown in Refs [36, 37] , in the approximation of infinitely rigid valence bonds the transition from the rectilinear chain to the transzigzag conformation leads to a dramatic change in the type of soliton solutions. Instead of compression solitons, the nonlinear elementary excitations come to be represented by extension solitons that owe their existence to the geometric anharmonism.
The flat zigzag shape is also featured by chains of hydrogen bonds Á Á ÁH ± XÁ Á ÁH ± XÁ Á ÁH ± XÁ Á Á in hydrogen halides [38 ± 40] , where X are fluorine, chlorine, bromine, and iodine, respectively. Here, the zigzag structure of the chain is due to the orientation interaction between adjacent molecules.
The purpose of this paper is to give a classification of soliton excitations in zigzag molecular chains, and to analyze the conditions of their existence and stability.
Section 2 deals with the study of nonlinear dynamics based on the model of a two-dimensional spiral Ð a flat zigzag with the interaction of the first and second neighbours. The dynamic properties of compression solitons are studied.
In Section 3 we present the results of the study of dynamics of extension solitons in the PE molecule in the context of a realistic model that takes into account deformation of both the valence angles and valent bonds.
In Section 4 we discuss the results of the study of nonlinear dynamics of flat zigzag chains of hydrogen bonds.
The main results of this paper are summarized in the Conclusions. The Appendices give a brief description of numerical techniques used for finding the soliton solutions.
Solitons in the molecular chain with secondary structure
Here we are going to consider the simplest two-dimensional model of an alpha-spiral protein macromolecule [31] . Deformations of valence bonds in this model are taken into account via the interactions between first neighbours, and deformations of hydrogen bonds linking the peptide groups are taken into account via the interactions between second neighbours. These interactions are assumed to exhibit central symmetry. We shall perform a detailed soliton' analysis of the model, outline the classification of soliton solutions, and check their stability by numerical simulation of dynamic behaviour.
Generalized model of a zigzag chain
Consider a planar zigzag chain represented schematically in Fig. 1a . Let the zigzag of the chain be directed along the x axis, and lie in the xy plane; then at equilibrium the nth chain molecule has the coordinates
where l x and l y are the longitudinal and the transverse steps of the zigzag, respectively. Our chain is a two-dimensional spiral. It may be regarded as two parallel linear chains with a period l 2l x , linked together by a zigzag chain of rigid (valent) bonds. The geometry of the chain is completely determined by the step l and the angle of the zigzag a 2 arctanl x al y .
Now it is convenient to go over from the absolute coordinates of the nth molecule x n , y n to the dimensionless relative variables
Here u n and v n define, respectively, the dimensionless longitudinal and transverse displacements of the nth molecule from its equilibrium position, the positive direction of the transverse displacement being towards the centre of the zigzag of the chain (Fig. 1b) . Then the dimensionless equilibrium length of the rigid bond is b h 2 1a4 1a2 , where h l y a2l x 1a2 cotaa2 is the dimensionless parameter of the zigzag width.
The Hamiltonian of the chain may be expressed as
where M is the mass of each molecule of the chain, K is the characteristic rigidity coefficient, and a dot above the symbol denotes differentiation with respect to time t. The dimensionless potentials of intermolecular interaction Ur and Vq describe interaction between first and second neighbours (Fig. 1a) . For a two-dimensional model of the alpha-spiral, M corresponds to the mass of the peptide group, Ur to the potential of a valent bond, and Vq to the potential of the hydrogen bond. The dimensionless deformations of the bonds are given by
The Hamiltonian (1) corresponds to the set of equations of motion
where W n Ur nÀ1 Ur n Vq nÀ1 Vq n1 X
To facilitate subsequent manipulations, we introduce the dimensionless time
and go over from the relative displacements u n , v n to the new variables
We also introduce new notation
so that in the new variables we have
Then the set of equations of motion (2) assumes a more convenient dimensionless form
which was studied in the continuous approximation in Ref. [31] .
Low-amplitude vibrations of the chain
Let us consider the dynamics of low-amplitude waves along the zigzag chain. We use the linear approximation
Model of a zigzag-shaped molecular chain, and (b) the local coordinate systems u n , v n . Zigzag angle a 2pa3.
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are the dimensionless rigidities of the interaction potentials.
The set of equations of motion (3), (4) is then linearized:
The upper branch O k corresponds to high-frequency optical phonons, and the lower branch O À k corresponds to low-frequency acoustic phonons. In the long-wave limit k 3 0 the frequency of acoustic phonons is O 2 À 3 k 2 k 2 , therefore the dimensionless speed of sound in the chain is v 0 k 2 p .
The rigidity of the hydrogen bond is approximately one order of magnitude less than that of the valent bond, so for the sake of definiteness we set k 1 1, k 2 0X1. We also use the most typical zigzag angle a 2pa3. Then the dimensionless width of the zigzag is h 1a 3 p 0X289, and the dimensionless length of the valent bond b 7a12 p 0X577. The shape of the dispersion curve is shown in Fig. 2 . The upper (optical) branch of the curve rises steadily from the minimum value of O 0 1 to the maximum value of O 2p 1X732. The lower (acoustic) branch O À k reaches a maximum value of 0.368 at k 0X645p. The frequency of acoustic phonons tends to zero at k 3 0 and k 3 2p. These extreme values of the wave number correspond to the longwave longitudinal and bending waves of the zigzag.
Acoustic compression solitons
Now for the description of rigid valent bonds we use the harmonic potential
and the Morse potential for the relatively soft hydrogen bonds:
where e k 2 a2b 2 is the bond energy, g 3ba2 the anharmonic constant, and b b 0 the parameter of the Morse potential. For the sake of definiteness, in future we are going to use fixed values of rigidities k 1 1, k 2 0X1, and three characteristic values of the anharmonic constant g 1 b 2a3, g 0X1 b 2a30, and g 0X01 b 2a300 (strong, medium and weak anharmonism).
The acoustic soliton in the zigzag corresponds to the solution of the set of discrete equations (3), (4) in the form of a constant-profile solitary wave
where n 0Y AE1Y AE2Y F F F ; rzY Zz 3 0 at z 3 AEI, and v is the velocity of the soliton. It is convenient to go over from the absolute velocity v to the relative velocity s vav 0 .
The complexity of the model under consideration and the necessity of taking into account the discrete character of the chain do not allow the shape of the soliton rz, Zz to be found with analytical methods. A high precision calculation of the soliton shape is based on the pseudospectral Eilbeck ± Flesch method [41, 42] . Application of this method to the model in question is described in Appendix 6.1. This method allows not only the shape of the soliton solution to be found, but also its range of existence. Knowing the form of the twocomponent soliton (9) , it is easy to find its dimensionless energy
the two components of its amplitude A Z ÀZ0, A r Àr0, and the root-mean-square width
where
Numerical analysis indicated that soliton solutions only exist in a finite supersonic interval of velocities 1`s`s 1 , where s 1 is a certain limiting value of the soliton velocity above which there are no soliton solutions. The width of this interval increases monotonically with the anharmonic constant g. For example, for the values g 0X01, 0.1, 1 the velocity s 1 is, respectively, 1.03, 1.30, 2.84. The characteristic form of the soliton solution is shown in Fig. 3 : the soliton is bell-shaped with respect to both components. In the region of localization of the soliton we observe longitudinal compression and transverse extension of the zigzag of the chain. As the velocity s increases, the energy of the soliton E, the amplitudes of compression A r and extension A Z increase monotonically, and the width of the soliton D monotonically decreases. The particular values of these quantities are given in Table 1 . Near the maximum value of the velocity s 1 , however, the solution has the form of a soliton against the background of a lowamplitude optical phonon (Fig. 4) . The existence of compression solitons is due to the`physical' anharmonism in the interactions of second neighbours. In addition, the chain features`geometrical' anharmonism of the opposite sign. As the velocity increases, the amplitude of compression increases, and thus the relative importance of geometrical anharmonism. At s s 1 , the physical anharmonism is completely cancelled out by geometrical anharmonism, and the compression solitons no longer exist.
Numerical simulation of the time evolution of compression solitons proves their dynamic stability. Solitons travel along the chain at a constant speed without emitting phonons. Upon collision, solitons interact like elastic particles: they bounce without emission of phonons or change of shape (Fig. 5 ). The interaction of solitons becomes inelastic only near the right-hand bound on a soliton velocity.
Supersonic extension solitons
As indicated above, geometrical anharmonism at velocities s b s 1 precludes the existence of acoustic compression solitons, but may promote the existence of extension solitons. Numerical analysis of the discrete set of equations of motion (3), (4) reveals that there are no stable solutions corresponding to extension solitons. There are, however, certain supersonic values of velocity at which one could anticipate soliton-like extension waves of the zigzag chain. As will be demonstrated, the lifetime of such solitary waves is finite. 
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Indeed, the topology of a zigzag chain admits the existence of solitary extension waves with the asymptotic behaviour
Application of the pseudospectral method to the discrete set of equations of motion (3), (4) in the class of smooth functions with asymptotics (11) for arbitrary velocity s b 1 gives only an approximate solution. Let us consider a particular value of the velocity and do a numerical simulation of the dynamics of approximate solution in the infinite chain. For this purpose we integrate the set of equations of motion in a finite chain
where n 1Y 2Y F F F Y N. We set N 300 and introduce viscous friction at the ends of the chain to ensure absorption of phonons emitted by the nonlinear wave (the condition of absorbing ends). Now we consider initial conditions corresponding to a nonlinear solitary wave centred around the point n 100. Each time the wave has passed 100 points, we shift it back so as to simulate motion along an infinite chain. The wave velocity s as a function of time t is shown in Fig. 6 . The motion of the wave is accompanied by emission of phonons that gradually slows the wave down. At g 1 (Fig. 6a) , the least emission corresponds to s 1X2568, when the energy of the wave is E 0X06912. At this velocity, the passage of 100 steps of the chain reduces the velocity of the solitary wave by as little as 8 Â 10 À5 %, and the energy by 1 Â 10 À3 %. Further decrease of velocity leads to increased emission of phonons, and thus to a more substantial deceleration of the wave. The emission of phonons increases dramatically at s`1X24 and leads to the decay of the solitary extension wave. In this way, at the initial velocity of s 1X3, the finite lifetime of the solitary wave is t 183638, and the wave covers 143,200 steps of the chain.
As the parameter of anharmonism g decreases, the lifetime of the solitary extension wave becomes greater. At g 0X1 (Fig. 6b) , over the entire time of numerical integration t 2 824 436X3, the wave has covered 2,000,000 steps of the chain, and its velocity s has fallen from 1.25 to 1.09865. The shape of the wave at the end of this period is shown in Fig. 7 . In fact, the wave displays the dynamics of a soliton. The amplitude of emitted phonons with respect to the longitudinal component r is 0.04% of the amplitude of the wave, whereas the same with respect to the transverse component v is as small as 0.001%. The energy of the wave is E 0X0194894, and the velocity s 1X098632. The passage of 100 steps of the chain reduces the energy of a solitary wave by 7X7 Â 10 À5 %, and the velocity by as little as 7X3 Â 10 À5 %. Similar dynamic behaviour is shown by a solitary extension wave in the case of small anharmonism g 0X01, and in the absence of anharmonism g 0.
Let us consider the interaction of solitary extension waves and compression solitons. For this purpose we do a numerical simulation of their collision in a finite chain of N 400 steps. Numerical integration of the set of equations of motion (12) reveals that the collision is inelastic. The collision between solitary extension waves results in the emission of phonons (Fig. 8) , and the collision of a solitary extension wave with compression soliton leads to the decay of the wave. The analysis of the simplest two-dimensional model of an alpha-spiral protein molecule indicated that geometrical anharmonism in the zigzag molecular chain delimits the spectrum of velocities of solitons of longitudinal compression of the chain from above. The range of velocities contracts monotonically with the decreasing anharmonism of the interstitial interaction (physical anharmonism). At the same time, geometrical anharmonism gives rise to a new type of nonlinear waves Ð solitary waves of extension of the zigzag of the chain, which display practically soliton dynamics near a certain selected supersonic velocity value.
Extension solitons in a polyethylene molecule
Although the problem of the linear dynamics of the polyethylene molecule was studied by Kirkwood [43] over half a century ago, its nonlinear extension has only recently become the subject of theoretical analysis [36, 37] . The interest was evoked by the recognition of the importance of localized soliton-type nonlinear excitations for the process of mechanical destruction of one-dimensional crystals [44, 45] . It turned out that the transition from the rectilinear chain to the transzigzag conformation leads to a qualitative change in the type of the soliton solutions: instead of compression solitons, the role of nonlinear elementary excitations is now played by extension solitons [36, 37] . The latter owe their existence not to the physical but to the geometrical nonlinearity of the transzigzag, which is not present in the longitudinal dynamics of the rectilinear chain.
This conclusion is reached in the approximation of infinitely rigid valent bonds Ð that is, only considering the deformation of valence angles. A more advanced study of nonlinear dynamics of the transzigzag conformation was performed in Refs [46, 47] , where a model involving deformations of valent bonds and valence angles was used for finding the soliton solutions describing the motion of local extension regions along the transzigzag. These solitons were shown to exhibit a relatively narrow spectrum of supersonic velocities.
Flat model of a polyethylene macromolecule
In the study of low-energy dynamic processes in the polyethylene molecule, the motion of hydrogen atoms with respect to the backbone is not important, and the approximation of united atoms may be used. Consider a molecule of polyethylene (CH 2 ±) x in the transzigzag conformation. At equilibrium, the backbone of the molecule has a flat zigzag structure characterized by a step r 0 1X53 A (the equilibrium length of the valent bond CH 2 ÀCH 2 ), and a zigzag angle y 0 113 (the equilibrium valence angle CH 2 ± CH 2 ± CH 2 ). The transzigzag structure is shown schematically in Fig. 9a .
Let the transzigzag be directed along the x axis, and lie in the xy plane; then the nth site of the chain at equilibrium will have the coordinates
where l x r 0 siny 0 a2 and l y r 0 cosy 0 a2 are the longitudinal and the transverse steps of the zigzag of the chain. It is convenient to go over from the absolute coordinates of the nth point x n , y n to the relative coordinates
Here u n , v n define, respectively, the longitudinal and the transverse displacements of the nth point from its equili- March, 1999 Nonlinear dynamics of zigzag molecular chainsbrium position, the positive direction of the transverse displacement being towards the centre of the zigzag (Fig.  9b) . The length of the nth valent bond and the cosine of the nth valence angle are, respectively:
where w n u n À u n1 and z n v n v n1 are the longitudinal and the transverse contractions of the nth unit of the chain; a n l x À w n , b n l y À z n . The Hamiltonian of the chain may be written as
Here the mass of the unit of the chain is M 14m p (m p is the proton mass),
is the potential of the nth valent bond, and
Uy n 1 2 ecos y n À cos y 0 2 is the potential of the nth valence angle. According to Ref.
[48], the energy of the valent bond is D 0 334X72 kJ mol À1 , the parameter b 19X1 nm À1 , and e 130X122 kJ mol À1 . In Ref. [49] , a higher energy value was used, e 529 kJ mol À1 . The flat mechanical model of the transzigzag under consideration is shown in Fig. 9c. 
Low-amplitude transzigzag vibrations
The dispersion equation for low-amplitude transzigzag vibrations was first developed by Kirkwood [43] . A detailed proof can be found in Ref. [46] , so here we shall skip most of the intermediate calculations.
The set of equations of motion
corresponds to Hamiltonian (14) . We linearize this system and seek its solution in the form of a harmonic wave
where o is the circular frequency, and Àp 4 k 4 p is the dimensionless wave vector. Then the dispersion equation has the form
Here the rigidity parameters are
, where the rigidity of the valent bond is
and that of the valence angle The velocity of the long-wave longitudinal acoustic phonons (the speed of sound) is given by
where the dimensionless parameter
defines the ratio of the rigidity of the valence angle to that of the valent bond (at e 130X122 kJ mol À1 we have d 0X01929; at e 529 kJ mol À1 this parameter is d 0X07841). As it turns out, the rigidity of the valent bond is two orders of magnitude greater than that of the valence angle. One could well have put up with the approximation of an infinitely rigid valent bond d 0 K 1 I, but in this approximation even at d 0X01929 the speed of sound
differs considerably from the exact value of c 0 7790 m s À1 0X92210" c 0 . Such a substantial deviation of the speed of sound makes it necessary to take the deformation of valent bonds into account.
Solitons of longitudinal transzigzag extension
The set of equations of motion (15) is so complicated as to defy analytical treatment (unlike the case of infinitely rigid valent bonds). The use of a pseudospectral method for finding the shape of the soliton is not justified owing to the complexity of the system of equations (15) . We shall use a simpler numerical technique of soliton analysis [50] , according to which, for every value of the velocity c, the soliton solution u n t unl x À ct, v n t vnl x À ct, n 0Y AE1Y AE2Y F F F is sought as an extreme point of a certain functional that corresponds in the continuous approximation to the equations of motion of the system. The scheme of application of this technique to the model under consideration is described in Appendix 6.2.
Assume that fw
is our soliton solution with the centre of symmetry at the site n Na2. Then the relevant soliton will be characterized by the energy nw n R defines the location of the centre of the soliton, as well as the maximum value of the valence angle A y max n y n , and the maximum length of the valent bond A r max n r n . Numerical analysis indicated that the form of the soliton solution depends on the value of the dimensionless parameter d that characterizes the ratio between the physical and geometrical anharmonism. The physical anharmonism is due to the potential of the valent bond, whereas the geometrical anharmonism is due to the potential of the valence angle. Geometrical anharmonism prevails at d`0X0356, and physical prevails at d b 0X0356.
With d 0X01929, the set of equations of motion (15) admits three types of soliton solutions. The first type corresponds to a solitary wave of longitudinal transzigzag extension ( Fig. 11a) with the amplitude A v max n v n`ly a2 (the maximum value of the valence angle in the neighbourhood of localization of the soliton is A y`p ) and asymptotic behaviour w n Y v n 3 0 at n 3 I. The second type is a solitary wave of large-amplitude longitudinal transzigzag extension ( Fig. 11b) with asymptotic behaviour w n Y v n 3 0 at n 3 ÀI, and w n 3 0, v n 3 l y at n 3 I. This solitary wave describes the sequential unfolding of valence angles from one equilibrium value y n y 0 to the other y n 2p À y 0 . As a result, the chain passes from one ground state fw n 0Y v n 0g to another fw n 0Y v n l y g. We have already discussed such a soliton in the flat model of an alpha-spiral. The third type corresponds to a transzigzag solitary extension wave ( Fig. 11c ) with amplitude l y a2`A v`ly (p`A y`2 p À y 0 ) and asymptotic behaviour w n Y v n 3 0 at n 3 I. This soliton is essentially a bound state of two opposite-sign solitons of the second type.
The energy E, the root-mean-square width D, and the overall longitudinal compression of the chain R as functions of the dimensionless soliton velocity s cac 0 are plotted in Fig. 12 . Solitons of the first type display a supersonic spectrum of velocities 1`s`s 1 1X020. As the velocity of the soliton increases, the energy E and the overall compression of the chain R increase monotonically, and the rootmean-square width D decreases. Solitons of the second type have a supersonic interval of admissible velocities s 2 1X023`s`s 3 1X062. In this case, E, D, and R all 
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Nonlinear dynamics of zigzag molecular chainsdecrease monotonically. Solitons of the third type only exist at one velocity value s s 4 1X074. The characteristic shape of a soliton of the first type is shown in Fig. 13 . With respect to its components w n , v n , y n , the soliton has a characteristic bell-shaped profile of a solitary wave. In the region of localization of a soliton, the molecular chain exhibits longitudinal extension w n b 0 and transverse compression v n b 0. The valence angles increase, and the valent bonds stretch out. The existence of such solitons in the zigzag chain is due to the geometrical nonlinearity of the chain rather than to the proper (physical) anharmonism of the intermolecular potentials. This is the fundamental distinction between the transzigzag model and the model of a twodimensional alpha-spiral.
As the velocity increases, the energy and the amplitude of the soliton increase monotonically, and at s s 1 attain their maximum values of E m 4X6 eV, R m 5X3 A. The width of the soliton decreases, but always remains greater than 18 steps of the chain Ð in other words, the extension soliton always complies with our a priori assumption that the profile exhibits a smooth dependence on the number of the step. The particular values of energy E, width D, amplitude R, increments of valence angle Dy A y À y 0 and valent bond Dr A r À r 0 are presented in Table 2 . We see that, as the velocity s increases, in the region of localization of the soliton the deformations of angles and bonds increase monotonically but always remain Dy`27
for the valence angle, and Dr`0X05 A for the valent bond.
With the second value of the parameter d 0X078419, the set of equations of motion (15) has a soliton solution corresponding to a solitary wave of longitudinal transzigzag compression (see Fig. 11d ). In the region of localization of the soliton there occurs contraction of the valence angles and bonds. The soliton has a finite velocity range 1`s 4 1X035.
The velocity range of an acoustic soliton versus the dimensionless parameter d is shown in Fig. 14 Figure 13 . Profile of an extension soliton of the first type with respect to components w n (a), v n (b) and y n (c) at the initial time t 0 and at the final time t 1613X8 after passing 99999.69 steps of the chain s 1X015. the soliton is exactly the same as in the beginning. Solitons interact as elastic particles. Their collisions result in elastic reflection without emission of phonons or change of shape (Fig. 15) . It is only near the limiting velocity s 1 that the interaction of solitons becomes inelastic: collision is accompanied with emission of phonons. Thus, near the speed of sound the extension solitons of the first type display definite particle-like properties. Solitons of the second type are unstable. When moving they emit phonons and soon perish. Solitons of the third type are stable at the velocity s s 4 . They move along the chain at a constant speed and retain their shape. Interaction between solitons of the third type is not elastic; collisions between solitons lead to their destruction.
The above analysis of the transzigzag model indicated that an isolated flat macromolecule of polyethylene may host dynamically stable extension solitons that display a relatively narrow spectrum of supersonic velocities. The existence of solitons is due to the geometrical anharmonism of the zigzag chain rather than to the physical anharmonism of potentials of interstitial interaction.
Nonlinear dynamics of a flat zigzag chain of hydrogen bonds
The shape of a flat zigzag is displayed by the chains of hydrogen bonds F F FH ± X F F F H ± X F F F H ± X F F F in molecules of hydrogen halides HX (X=F, Cl, Br, I) [38 ± 40] . The zigzag shape of the chain is due to the orientational interaction between adjacent molecules. A similar shape is also displayed by the chains of hydrogen bonds F F FO ± HF F FO ± HF F F OÀH F F F Y formed in the protein macromolecules by the amino acid groups ROH containing the hydroxyl OH À radical (serine, threonine, tyrosine). Such chains convey protons in the protein proton channels [51 ± 53] , which makes the study of their nonlinear dynamics especially interesting.
The particular values of the parameters of chains of hydrogen bonds (HXF F F x (X=O, F, Cl, Br, I) are given in Table 3 . Here, r 0 is the length of the valent bond H ± X, a and a are the step and angle of the zigzag of the chain [40] , m and Q are the dipole and the quadrupole moments of isolated HX molecule [54] , and I m p r 2 0 is the moment of inertia of the molecule (m p is the proton mass). As follows from the table, the chain of hydrogen-bonded hydrogen fluoride molecules is closest in parameters to the chain of hydrogen-bonded hydroxyl groups. For this reason we shall consider this chain as the model system for the zigzag chain of hydrogen bonds.
Model potential of a hydrogen bond
The interaction between diatomic polar HF molecules is usually described by the 12 ± 6 ± 1 potential [55]
with seven adjusting parameters: two Lennard ± Jones parameters E and s; three charges q 1 , q 2 , and q 3 q 1 q 2 q 3 0 in line with the valent bond, and three distances r 1 , r 2 , and r 3 from each charge to the centre of fluorine atom. In Eqn (17), r i1i2 is the distance between the charge q i1 of the first HF molecule and the charge q i 2 of the second molecule. The values of parameters in the interaction potential (17) can be chosen using the results of quantum mechanical calculation of the potential energy surface of the dimer March, 1999 Nonlinear dynamics of zigzag molecular chainsHFF F FHF [56] . Figure 16 shows the most energy-advantageous dimer configuration determined by two angles
, and one length a 2X76 A. The bond energy is E 1 0X191 eV. The dimer may occur in either of two equivalent ground states ff 1 Y f 2 Y ag and fp À f 2 Y p À f 1 Y ag. In addition, there is an intermediate symmetric metastable state fÀf 3 Y p À f 3 Y bg with the energy E 2 E 1 E 0 , where E 0 0X068 eV is the height of the energy barrier of dimer interconversion.
The exact values of the dipole m and quadrupole Q moments of the HF molecule, and the dimer parameters f 1 , f 2 , a, E 1 , and E 0 define unambiguously all seven parameters of the potential of intermolecular interaction (17):
where e is the electron charge.
Low-amplitude vibrations of the chain of hydrogen bonds
Consider an isolated chain of hydrogen bonds F F FH ± FF F F HÀF F F FH ± FF F F with step a 2X76 A and zigzag angle a p À f 2 À f 1 118X8 (Fig. 17) . At equilibrium, all the HF molecules deviate from the direction of the zigzag by the angle Àf 1 .
Assume that the zigzag of the chain is directed along the x axis and lies in the xy plane; then the location of the nth molecule of the chain at equilibrium position is fixed by the coordinates of the fluorine atom x n nl x , y n À1 n l y a2, where l x a sinaa2 and l y a cosaa2 are the longitudinal and the transverse steps of the zigzag of the chain, and the angle c n À1 n1 c 0 , c 0 p À aa2 À f 1 defines the orientation of the molecule. As before, it will be convenient to go over from absolute coordinates x n , y n , c n to the relative coordinates
Here u n , v n , j n define, respectively, the longitudinal and transverse displacements and the rotation of the nth molecule from its equilibrium position (the positive direction for transverse displacement and rotation is the direction towards the centre of the zigzag, see Fig. 17 ).
where M 19m p is the mass of the molecule, and I 1X706Â 10 À14 g cm 2 is the moment of inertia. The potential of the intermolecular interaction is
The Hamiltonian of the chain (18) enters the set of equations of motion
where n 0Y AE1Y AE2Y F F F For small-amplitude displacements, the set of equations (19) in the linear approximation takes the form
where all the second partial derivatives V uu Y V uv Y F F F Y V cc are taken at the point u 0, v 0, j 0, c 0. We seek a solution of the linear set of equations (20) in the form of a harmonic wave
where O is the circular frequency, Àp 4 k 4 p is the dimensionless wave vector. After substitution of expressions (21) into the set of linear equations (20) and some straightforward algebra we get the dispersion equation of sixth power in O. Skipping the intermediate calculations, we shall go straight to the shape of the dispersion curve. The dispersion curve for low-amplitude oscillations consists of three branches as shown in Fig. 18 . The upper branch 263 cm À1 4 O or k 4 487 cm À1 corresponds to high- Figure 16 . Equilibrium configuration of an HFF F F HF dimer. Figure 17 . Selection of the system of local coordinates for the chain of hydrogen bonds HFF F F HFF F F HF.
frequency orientation oscillations of the molecules, the middle branch 149 cm À1 4 O op k 4 219 cm À1 corresponds to optical phonons of the zigzag, and the lower branch 0 4 O ac k 4 38 cm À1 to low-frequency acoustic phonons. The two lower branches behave in the same way as the acoustic and optical branches of the two models of zigzag chains discussed above. The speed of the long-wave longitudinal acoustic phonons is
Nonlinear dynamics of the chain of hydrogen bonds
Numerical analysis of the nonlinear system of dynamic equations (19) revealed that, in spite of the pronounced anharmonism of the potential of interstitial interaction, the system under consideration does not host any solitons of compression or extension. Soliton-like dynamics is only featured by the positive orientation defect corresponding to the consecutive transition of the chain from one ground state fu n 0Y v n 0Y j n 0g to another equivalent state fu n 0Y v n 0Y j n a 2f 1 g. The passage of the defect is accompanied by the emission of optical phonons (Fig. 19 ) that leads to its deceleration and eventual destruction. The dimensionless velocity of the defect s cac 0 versus time is plotted in Fig. 20 . The defect travels at supersonic speed. Emission of phonons is minimal at s 2X4, and increases abruptly at s 2X3. Over its lifetime of t 18X4 ps, the defect covered 560 steps of the chain. The absence of solitons of compression and extension is due to the fact that the physical anharmonism in the case of soft hydrogen bonds is balanced out by the geometrical anharmonism of the chain. If the chain had been linear, the anharmonism of the hydrogen bond would have given rise to supersonic compression solitons: the chain would have featured stable solitary compression waves. However, in a zigzag chain with zigzag angle a 4 120 there are no stable solitary waves of longitudinal compression or extension. Any initial localized excitation will soon smear out. In this way, the geometry of the chain is of fundamental importance for the nonlinear dynamic behaviour of the chain.
Conclusions
In this paper we have analyzed the nonlinear dynamics of zigzag molecular chains. The transition from a one-dimensional model of a rectilinear chain to a more realistic flat model of the zigzag chain is found to bring about a fundamental change in the nonlinear dynamics of the chain. The nonlinear effects are no longer due only to the March, 1999 Nonlinear dynamics of zigzag molecular chainsanharmonism of the interstitial interaction (physical anharmonism). A new important factor comes into play: geometrical anharmonism of opposite sign caused by the zigzag geometry of the chain. Now the possible existence of solitons (solitary longitudinal waves of compression or extension of the chain) depends on the balance between physical and geometrical anharmonisms. We have considered three characteristic types of the zigzag chains: 1. A two-dimensional model of an alpha-spiral protein molecule. The major contribution to nonlinear dynamics here comes from the anharmonism of the hydrogen bonds (physical anharmonism). As a result, compression solitons with a narrow spectrum of supersonic velocities are feasible.
2. A model of a flat polyethylene transzigzag dominated by geometrical anharmonism due to the zigzag-shaped conformation. This model only admits extension solitons, also with a narrow spectrum of supersonic velocities.
3. Finally, we have considered a zigzag chain of hydrogen bonds F F FHFF F FHFF F FHFF F F , in which geometrical anharmonism is balanced out by physical anharmonism. As a result, the chain with pronounced anharmonism of interstitial interaction does not admit acoustic solitons, and any initially localized deformation of the chain will smear out.
On the one hand, the two-dimensional nature of molecular chain imposes considerable limitations on the dynamics of solitons (they may only have finite and relatively narrow ranges of admissible velocities). On the other hand, it opens the possibility of simultaneous existence of several types of acoustic solitons. For example, solitons of extension and compression may coexist in the chain.
Our study indicates that one-dimensional models of molecular chains that are still used extensively may lead to wrong conclusions. The geometry of the chain must be taken into account to pursue the possibility of describing physical phenomena in terms of solitary waves.
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6. Appendices 6.1 Pseudospectral method for finding the shape of a soliton The pseudospectral method for numerical calculation of the form of a soliton solution was first proposed by Eilbeck and Flesch [41] for the one-dimensional model of an anharmonic chain. Application of this technique to the two-dimensional model of the zigzag chain requires only some minor modifications.
Consider the solution of the discrete system (3), (4) in the form of a solitary wave (9) . Then from the system of equations of motion (3), (4) follows the set of equations a k e k zY K k0 b k e k z X
The Fourier coefficients fa k Y b k g K k0 can be found numerically as the roots of the system of 2K nonlinear equations
where z i iLa2K, and the functions F 1 z, F 2 z are given by Eqns (A.5), (A.6). This method is capable of giving an unambiguous answer concerning the existence of a soliton at each value of the velocity v. If the system (A.7) admits no soliton solution, this means that there is no soliton motion at this value of the velocity. For numerical solution of the system (A.7) it is sufficient to set K 100, and L 10D, where D is the rootmean-square width of the soliton (11).
Method of minimization for finding the soliton solution
We seek a solution of the system of equations of motion (15) in the form of a travelling smooth wave of constant profile. For this purpose we set u n t ux, v n t vx, where x nl x À ct is the wave variable, c is the velocity of the wave, and u and v are smooth functions of x. Then the Lagrangian corresponding to the system of equations of motion (15) The supersonic soliton state of the chain always corresponds to the saddle point of the Lagrangian, and it can therefore be sought as the minimum point of the functional The solution of this problem allows all soliton solutions of the nonlinear system (15) to be found numerically Ð that is, smooth solitary waves of constant profile. The absence of such solutions at some value of the velocity c means that there is no soliton motion at this velocity. Problem (A.10) was solved numerically by the method of conjugate gradients. The solution was sought on a chain of N 400 steps. The initial point of descent was taken in the form of two symmetrical bell-shaped (or kink) profiles wn, vn, centred at the middle of the chain.
The key idea of the method consists in replacing the continuous time derivatives in the Lagrangian (A.8) with their discrete approximations [the transition from the Lagrangian (A.8) to the discrete functional (A.9)]. Therefore, this method is only good for finding`broad' soliton solutions, whose shape exhibits a smooth dependence on the number n of the site of the chain (the length of chain N must be ten times the width of the soliton solution). Practically, this method is much simpler than the more general pseudospectral method. Because of this, this technique is preferably used for soliton analysis of molecular systems of complex structure, even though it is not capable of finding`narrow' soliton solutions.
